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K-THEORY OF REGULAR COMPACTIFICATION BUNDLES
V. UMA
Abstract. Let G be a connected reductive algebraic group. Let E −→ B be a principal G×G-bundle and
X be a regular compactification of G. We describe the Grothendieck ring of the associated fibre bundle
E(X) := E ×G×G X, as an algebra over the Grothendieck ring of a canonical toric bundle over a flag bundle
over B. These are relative versions of the results in [36, 37], and generalize the classical results on the
Grothendieck rings of projective bundles, toric bundles [32] and flag bundles [15, 29].
1
Introduction
In this article we consider algebraic groups and varieties over the field of complex numbers. All varieties
are assumed to be nonsingular unless otherwise specified.
Let G denote a connected reductive algebraic group. Let C be the center of G and let Gad := G/C be
the corresponding semisimple adjoint group.
A normal complete variety X is called an equivariant compactification of G if X contains G as an open
subvariety and the action of G×G on G by left and right multiplication extends to X . We say that X is a
regular compactification of G if X is an equivariant compactification of G which is regular as a G×G-variety
( [7, Section 2.1]). Smooth complete toric varieties are regular compactifications of the torus. For the adjoint
group Gad, the wonderful compactification Gad constructed by De Concini and Procesi in [12] is the unique
regular compactification of Gad with a unique closed Gad ×Gad-orbit.
Let E −→ B be a G×G-principal bundle over a variety B. Let X be a projective regular compactfication
of a connected reductive algebraic group G. Let E(X) := E ×(G×G) X denote the associated bundle with
fibre X and base B. Since E is the total space of a G-principal bundle over B, it is a G-variety. Further, the
space E(X) also gets the structure of a variety (see [14, Proposition 23]).
The main aim of this article is to describe the Grothendieck ring of algebraic vector bundles on E(X) as
an algebra over the Grothendieck ring of algebraic vector bundles on B. (Since E(X) and B are nonsingular
this also coincides with the Grothendieck ring of coherent sheaves.) This is with a view to generalize and is
motivated by the corresponding classical results on projective bundles, toric bundles in [32], and flag bundles
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[15, 29]. This is also a relative version of the results in [36, 37] on K-theory of regular compactifications
when B = pt.
In Section 1 we prove some preliminary results on G-equivariant K-theory of varieties having equivariant
cellular structure, assuming that π1(G) is torsion free. Let X be any G-cellular variety, that is a G-variety
with paving by G-stable affine cells (see Definition 1.1), and Y any G-variety. Let KG(X) (respectively
KG(Y )) denote the Grothendieck ring of G-equivariant algebraic vector bundles on X (respectively Y ) and
R(G) = KG(pt) denote the Grothendieck ring of complex representations of G. We first prove an equivariant
Kunneth theorem viz. Theorem 1.2. Here we show that we have a canonical R(G)-algebra isomorphism
KG(Y ×X) ≃ KG(Y )
⊗
R(G)
KG(X).
Let p : E −→ B denote a principal G-bundle over a variety B and X be a G-variety. Then by [14,
Proposition 23] the associated bundle E(X) := E ×G X is a variety. We have the projection π : E(X) −→ B
defined as π[e, x] = p(e) for [e, x] ∈ E(X). Let X be a G-cellular variety (resp. a G-variety with a T -cellular
structure, where T denotes a maximal torus of G acting on X by restriction). We derive Corollary 1.4
(resp. Corollary 1.5) to describe the structure of the Grothendieck ring K(E(X)) of algebraic vector bundles
on E(X), as an algebra over the Grothendieck ring K(B) of algebraic vector bundles on B. In particular,
we note that Corollary 1.5 holds for a projective G-variety X having finitely many T -fixed points. More
precisely, using the Kunneth formula and the fact that KG(E) = K(E/G) = K(B), we show that K(E(X))
is isomorphic to a canonical extension of scalars of the R(G)-algebra KG(X), to the ring K(B).
Let p : E −→ B be a principal T -bundle and X a projective T -variety with finitely many T -fixed points
and invariant curves. Let XT denote the set of T -fixed points in X . If |XT | = m, we consider
m∏
i=1
K(B) which
is a ring under pointwise addition and multiplication. It further gets a canonical K(B)-algebra structure via
the diagonal inclusion. The ring K(E(X)) also has a K(B)-algebra structure via pull back of vector bundles
under the projection π. We next prove Theorem 1.8 which is a relative version of the localization theorem
for KT (X) (see [38], [36, Theorem 1.3]). Here we show that the restriction to the T -fixed points of the fiber
induces a canonical inclusion
K(E(X) →֒
m∏
i=1
K(B)
of K(B)-algebras. We further show that the image of K(E(X)) in
m∏
i=1
K(B) is precisely the intersection of
the images of the Grothendieck rings of P1-bundles associated to E
p
−→ B, corresponding to the projective
lines joining two distinct T -fixed points.
In the next subsections we recall the necessary notations and results on the equivariant K-ring of regular
compactifications from [36] and [37].
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In Section 2 we prove our main results. Let T denote a maximal torus of G and B a Borel subgroup
containing T . LetW denote the Weyl group of (G, T ). In Theorem 2.3, using Theorem 1.2 and [36, Corollary
2.3] we describe the Grothendieck ring of E(X) as diag(W )-invariants of the Grothendieck ring of a toric
bundle, with fibre the toric variety T ⊆ G = X , and base another bundle over B with fibre G/B−×G/B. We
note that here the diag(W )-action on the Grothendieck ring of the toric bundle is induced from its canonical
action on T (see [7, Proposition A1, A2 ]). This is the relative version of [36, Proposition 2.15].
In Theorem 2.4, we use Theorem 1.2, Theorem 1.8, [36, Corollary 2.2] and [37, Theorem 2.4], to further
describe the multiplicative structure ofK(E(X)), as an algebra over a toric bundle with fibre the toric variety
T
+
, and base a flag bundle. The toric variety T
+
is associated to a smooth fan in the lattice of one parameter
subgroups of T , supported on the positive Weyl chamber (see [7, Proposition A1, A2]). This is the relative
version of [37, Theorem 3.1].
In Section 3 we take X to be the flag variety G/B and construct the associated flag bundle E(X) :=
E ×G G/B over B. We alternately construct a flag bundle E ×T G/B by viewing G/B as a T -variety. More
generally, we consider X to be a partial flag variety G/P , where P ⊇ B is a parabolic subgroup of G and
construct partial flag bundles. In Theorem 3.2 and Theorem 3.3 we give presentations of K(E(X)) as a
K(B)-algebra. In particular we retrieve the corresponding results in [29, 15]. Nextly, when G = T , E −→ B
is a principal T -bundle and X a projective T -toric variety, we consider the toric bundle E(X) = E ×T X . In
Theorem 3.1, we retrieve the results in [32] on the presentation of K(E(X)) as a K(B)-algebra.
Acknowledgements: The author is grateful to Prof. Michel Brion for his patient reading and invaluable
comments and suggestions for improvement of the earlier versions of this manuscript.
1. Preliminaries on equivariant K-theory
Let X be a G-variety. Let KG(X) and KT (X) denote respectively the Grothendieck groups of G and
T -equivariant coherent sheaves on X . Recall that KT (pt) = R(T ) andKG(pt) = R(G) where R(T ) and R(G)
denote respectively the Grothendieck group of complex representations of T and G. Since X is nonsingular,
the Grothendieck group of equivariant coherent sheaves can be identified with the Grothendieck ring of
equivariant vector bundles on X . Further, the structure morphism X → Spec C induces canonical R(G) and
R(T )-algebra structures on KG(X) and KT (X) respectively (see [11, Proposition 5.1.28]) and [28, Example
2.1]).
Throughout this section we shall assume that π1(G) is torsion free. This is with a view to apply the
results in [28] which require this hypothesis.
1.1. Kunneth formula for equivariant K-theory.
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Definition 1.1. Let X be a G-variety equipped with a G-stable algebraic cell decomposition. In other words
there is a filtration
X = X1 ⊇ X2 ⊇ · · · ⊇ Xm = pt
where each Xi is a closed G-stable subvariety of X and Xi \ Xi+1 = Zi is equivariantly isomorphic to a
ki-dimensional complex representation C
ki of the group G, for 1 ≤ i ≤ m. Equivalently X −→ pt is a
G-equivariant cellular fibration in the sense of [11]. We call such an X a G-cellular variety.
Recall that for two arbitrary G-varieties X and Y , the map
⊠ : KG(X)
⊗
Z
KG(Y ) −→ KG(X × Y ).
induced by external tensor product of G-equivariant coherent sheaves is defined by
(G,G′) 7→ G ⊠ G′ := p∗Y (G)
⊗
OX×Y
p∗X(G
′).
Here pX and pY are the projections from X × Y to X and Y respectively. Note that p
∗
X and p
∗
Y are R(G)-
module maps, so that the elements of the form 1
⊗
a−a
⊗
1, for a ∈ R(G), map to 0 under ⊠. This induces
a canonical map of R(G)-modules
(1.1) ϕ : KG(Y )
⊗
R(G)
KG(X) −→ KG(Y ×X).
Similarly we can define the following canonical maps of R(G)-modules
(1.2) ϕi : KG(Y )
⊗
R(G)
KG(Xi) −→ KG(Y ×Xi)
and
(1.3) ψi : KG(Y )
⊗
R(G)
KG(Zi) −→ KG(Y × Zi)
where Xi and Zi, for 1 ≤ i ≤ m are as in Definition 1.1.
We recall below the Thom isomorphism theorem in higher G-equivariant K-theory (see [30], [35] or [11,
Theorem 5.4.17]).
Theorem: (Thom isomorphism) Let π′ : E −→ X be a G-equivariant affine bundle on a G-variety X .
For any j ≥ 0 the morphism π′∗ : KGj (X) −→ K
G
j (E) is an isomorphism.
Theorem 1.2. Let X be a G-cellular variety and let Y be any G-variety. Then the canonical map ϕ defined
in (1.1) is an isomorphism of R(G)-modules.
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Proof: Let α : Xi+1 →֒ Xi denote the closed embedding and β : Zi −→ Xi denote the immersion of the
Zariski open subset. Since α and β are maps of G-varieties, these induce morphisms in higher G-equivariant
K-theory ([30], [35]) α∗ : K
l
G(Xi+1) −→ K
l
G(Xi) and β
∗ : K lG(Xi) −→ K
l
G(Zi) for each l ≥ 0. When
l = 0, the maps are defined respectively by [G] 7→ [α∗(G)] and [V ] 7→ [V |Zi ] where G denotes a G-equivariant
coherent sheaf on Xi+1 and V denotes a G-equivariant vector bundle on Xi. Furthermore, the maps β
∗ and
α∗ induce a long exact sequence in G-equivariant K-theory as follows
(1.4) K1G(Xi)
β∗
−→ K1G(Zi)
∂
−→ K0G(Xi+1)
α∗−→ K0G(Xi)
β∗
−→ K0G(Zi) −→ 0.
Moreover, since Zi −→ pt is a G-equivariant affine bundle, we have by the Thom isomorphism that
(1.5) K lG(pt)
∼
−→ K lG(Zi).
By (1.4), the kernel of α∗ is the image of the connecting homomorphism K
1
G(Zi)
∂
−→ K0G(Xi+1). Further,
by (1.5) K1G(Zi) ≃ K
1
G(pt) = 0. It follows that α∗ is injective. Thus for every 1 ≤ i ≤ m we have a short
exact sequence of R(G)-modules
(1.6) 0 −→ K0G(Xi+1)
α∗−→ K0G(Xi)
β∗
−→ K0G(Zi) −→ 0.
Moreover, since
Y ×X1 ⊇ Y ×X2 ⊇ · · · ⊇ Y ×Xm = Y × pt
is a cellular fibration over Y , we have the following long exact sequence in higher G-equivariant K-theory
(1.7) K1G(Y ×Xi)
(idY ×β)
∗
−→ K1G(Y ×Zi)
∂
−→ K0G(Y ×Xi+1)
(idY ×α)∗
−→ K0G(Y ×Xi)
(idY ×β)
∗
−→ K0G(Y ×Zi) −→ 0
(see [11, Lemma 5.5.1]). Moreover, we have pull back maps from K lG(Y ) −→ K
l
G(Y ×Xi) which gives each
K lG(Y ×Xi) the structure of K
l
G(Y )-algebra and the following commutative triangle for every l ≥ 0.
K lG(Y ×Xi)
(idY ×β)
∗
−→ K lG(Y × Zi)
տ ∼ր p∗Y
K lG(Y )
Note that the isomorphism in the above diagram is the Thom isomorphism p∗Y for the G-equivariant affine
bundle Y × Zi −→ Y . It follows that the maps (idY × β)
∗ : K lG(Y ×Xi) −→ K
l
G(Y × Zi) are surjective.
This in turn implies from (1.7) that the connecting homomorphism ∂ is trivial and (idY × α)∗ is injective.
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Thus we have the following short exact sequence of K0G(Y )-modules
(1.8) 0→ K0G(Y ×Xi+1)
(idY ×α)∗−→ K0G(Y ×Xi)
(idY ×β)
∗
−→ K0G(Y × Zi) −→ 0.
We now claim that the map (1.2) is an isomorphism for each 1 ≤ i ≤ m. When i = 1, this will imply that
(1.1) is an isomorphism. We prove this by downward induction on i. This is trivially true for i = m, since
in this case Xm = pt. Consider the commutative diagram of K
0
G(Y )-modules
(1.9)
K0G(Y )
⊗
R(G)K
0
G(Xi+1)
id∗Y
⊗
α∗
→ K0G(Y )
⊗
R(G)K
0
G(Xi)
id∗Y
⊗
β∗
→ K0G(Y )
⊗
R(G)K
0
G(Zi) → 0yϕi+1
yϕi
yψi
0→ K0G(Y ×Xi+1)
(idY ×α)∗
→ K0G(Y ×Xi)
(idY ×β)
∗
→ K0G(Y × Zi)
where the bottom row is a part of (1.8) and the top horizontal row is obtained from taking tensor product
of (1.6) with the R(G)-algebra K0G(Y ) on the left.
Furthermore, it follows again from the Thom isomorphism for the G-equivariant affine bundles Zi −→ pt
and Y × Zi −→ Y that the map ψi is an isomorphism of K
0
G(Y )-algebras for every 1 ≤ i ≤ m. (The
element b
⊗
a = a · b ⊗ 1 in K0G(Y )
⊗
R(G)
K0G(Zi) maps to p
∗
Y (b)
⊗
p∗Zi(a) = a · [p
∗
Y (b)] = p
∗
Y (a · b) for every
a ∈ R(G) ≃ K0(Zi) and b ∈ K
0
G(Y ).)
Therefore if we assume that ϕi+1 is surjective, it follows by diagram chase that ϕi is surjective. Note that
the bottom horizontal row of (1.9) is left exact. Hence if we assume that ϕi+1 is injective, it follows again
by diagram chase that ϕi is injective. ✷
Let X be a T -cellular variety. Thus we have a stratification
(1.10) X = X1 ⊇ X2 ⊇ · · · ⊇ Xm = pt
by T -stable closed subvarieties such that Cki ≃ Zi = Xi \Xi+1 is a T -representation. Let X := G ×B X ,
where the B action on X is through the canonical projection B −→ T . Then X is the total space of a
G-equivariant cellular fibration over G/B with stratification X = X1 ⊇ X2 ⊇ · · · ⊇ Xm where Xi := G×BXi
for 1 ≤ i ≤ m. In particular, G×B Zi = Xi \ Xi+1 is G-equivariant affine bundle over G/B.
Proposition 1.3. Let Y be any G-variety. Then the canonical map ϕ : KG(X )
⊗
R(G)
KG(Y ) −→ KG(X ×Y )
defined as in (1.1) is an isomorphism of R(G)-modules.
Proof: Consider the canonical maps
ϕi : KG(Xi)
⊗
R(G)
KG(Y ) −→ KG(Xi × Y )
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for 1 ≤ i ≤ m. Note that ϕ1 = ϕ. For i = m, since Xm = G×B Xm ≃ G/B,
ϕm : KG(Xm)
⊗
R(G)
KG(Y ) −→ KG(Xm × Y )
is an isomorphism by [28, proof of Proposition 4.1, p.30] . Further, by the Thom isomorphism for the
G-equivariant affine bundle G×B Zi = Xi \ Xi+1 −→ G/B it follows that
(1.11) K lG(G/B) ≃ K
l
G(Xi \ Xi+1)
for l ≥ 0. Furthermore, by Thom isomorphism for the G-equivariant affine bundle (G × Y ) ×B×1 Zi =
(Xi \ Xi+1)× Y −→ G/B × Y it follows that
(1.12) K lG(G/B × Y ) ≃ K
l
G((Xi \ Xi+1)× Y )
for l ≥ 0. Now, (1.11), (1.12) and the canonical isomorphism K0G(G/B)
⊗
R(G)
K0G(Y ) ≃ K
0
G(G/B × Y ) [28,
proof of Proposition 4.1, p.30], together imply that the canonical map
(1.13) ψi : K
0
G(Xi \ Xi+1)
⊗
R(G)
K0G(Y ) −→ K
0
G((Xi \ Xi+1)× Y )
is an isomorphism. Using the long exact sequences in higher equivariant K-theory corresponding to the
equivariant cellular fibrations X −→ G/B and X × Y −→ G/B× Y , it follows that ϕi is an isomorphism for
1 ≤ i ≤ m by descending induction on i, as in the proof of Theorem 1.2. ✷
Let B be a variety and p : E −→ B a principal G-bundle. Let E(X) := E ×G X denote the associated
bundle with fibre a G-cellular variety X and projection π : E(X) −→ B. We recall that E is a G-variety
and E(X) is a variety. Further, K(E(X)) becomes a K(B)-algebra via pull back of vector bundles under π∗.
Furthermore, we note that K(B) is an R(G)-algebra via the map which takes the isomorphism class of any
G-representation V to the class in K(B) of the associated vector bundle E ×G V .
Corollary 1.4. We have the following isomorphism of K(B)-algebras:
K(B)
⊗
R(G)
KG(X) ≃ K(E(X))
where the left hand side has a canonical K(B)-algebra structure by extension of scalars to the R(G)-algebra
K(B).
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Proof: Note that X satisfies the hypothesis of Theorem 1.2. Further, since G acts freely on E as well as
on E ×X diagonally, we have the isomorphisms
K(B) = K(E/G) = KG(E)
and
K(E(X)) = K((E ×X)/G) = KG(E ×X)
(see [28, Section 2.2] and [11, Section 5.2.15]). Moreover, the R(G)-module structure on KG(E) is via the
pull back by the structure morphism E −→ pt. Thus the class of a G-representation V pulls back to the
class of the trivial bundle E × V with the diagonal action of G in KG(E). This further maps to the class in
K(B) of the vector bundle E ×G V over E/G = B. The proof now follows readily from Theorem 1.2. ✷
In the following corollary we show that the assertion of Corollary 1.4 holds under a weaker assumption
that the G-variety X is T -cellular and not necessarily G-cellular. This is always true if for instance we
assume that X is projective and has finitely many T -fixed points (see [4, 5, 6] or [8, Section 3.1, 3.2]).
Corollary 1.5. Let X be G-variety with a T -cellular structure. We have the following isomorphism of
K(B)-algebras
K(B)
⊗
R(G)
KG(X) ≃ K(E(X)).
Proof: Since X is T -cellular we can apply Theorem 1.2 for the action of T , taking Y = E . It follows that
we have an isomorphism of R(T )-modules:
(1.14) KT (E)
⊗
R(T )
KT (X) ≃ KT (E ×X).
By [28, Proposition 2.10] the isomorphism (1.14) can be rewritten as
(1.15) KG(E ×G/B)
⊗
R(T )
KG(X ×G/B) ≃ KG(E ×X ×G/B).
Now, for a G-variety Y we have the following canonical isomorphism of R(G)-modules
R(T )
⊗
R(G)
KG(Y ) ≃ KG(Y ×G/B)
(see [28, proof of Proposition 4.1, p.30]). It follows that (1.15) can be rewritten as
(1.16) [R(T )
⊗
R(G)
KG(E)]
⊗
R(T )
[R(T )⊗R(G) KG(X)] ≃ R(T )
⊗
R(G)
KG(E ×X).
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Further, the left hand side of (1.16) is isomorphic to R(T )
⊗
R(G)
[KG(E)
⊗
R(G)
KG(X)]. It follows that the
canonical map
(1.17) KG(E)
⊗
R(G)
KG(X) −→ KG(E ×X)
becomes an isomorphism after tensoring with R(T ) which is a free R(G)-module of rank |W | (see [28,
Proposition 1.22]) and hence a faithfully flat extension. (Also see [16, Theorem A1, A2].) Therefore (1.17)
must be an isomorphism. Hence the corollary. ✷
Remark 1.6. Indeed in the case E −→ B is an H-equivariant principal G-bundle with a left action of the
algebraic group H on E and B which commutes with the G-action on the right then the above results can
be extended to the description of KH(E(X)) as an algebra over KH(B).
Remark 1.7. Taking B = pt in Corollary 1.4 and Corollary 1.5 we derive in particular the isomorphism
Z
⊗
R(G)
KG(X) ≃ K(X) relating G-equivariant and ordinary K-ring of X . (See [28, Theorem 4.2] for the
result in the more general setting of higher equivariant K-theory over an arbitrary field).
1.2. Relative Localization theorem. Let X be a projective variety on which T -acts with finitely many
fixed points and finitely many invariant curves. In particular, X is T -cellular. Hence if XT = {x1, . . . , xm},
thenX has a stratification (1.10) such thatXTi = {xi, . . . , xm} for every 1 ≤ i ≤ m. In particular, Z
T
i = {xi},
1 ≤ i ≤ m and Xm = {xm}.
We note that E ×X −→ E is a T -equivariant cellular fibration with cells
E ×X = E ×X1 ⊇ E ×X2 ⊇ · · · ⊇ E ×Xm = E × {xm}.
Further, E ×Zi = E ×Xi \ E ×Xi+1 is isomorphic to a trivial T -equivariant vector bundle over E ×xi. Since
T acts freely on E it follows that (E ×Xi)
T = E ×XTi for every 1 ≤ i ≤ m.
Let E × XT
ι
→֒ E × X denote the inclusion of the T -fixed points. Further, let E × XTi
ιi
→֒ E × Xi and
E × ZTi
ζi
→֒ E × Zi denote the corresponding inclusions for each 1 ≤ i ≤ m.
In this section we prove a precise form of localization theorem for the K-ring of the space E ×X which
generalizes [37, Theorem 1.3] to the relative setting.
Let Cij ≃ P
1 denote the T -invariant irreducible curve in X joining the T -fixed points xi and xj . Further,
let T act on Cij via the character χ. Let C denote the finite collection of invariant curves in X .
Let Y denote the subring of
m∏
k=1
R(T ) consisting of (yk) such that (1−e
−χ) divides yi−yj for each Cij ∈ C.
Clearly Y is an R(T )-subalgebra of
m∏
k=1
R(T ) where R(T ) →֒
m∏
k=1
R(T ) is embedded diagonally.
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Recall that K(B) = KT (E) has a canonical R(T )-algebra structure via the map that sends the class [V ]
of a T -representation to class [E ×T V ] of the associated vector bundle on B. In particular, e
χ ∈ R(T ) maps
to the class [Lχ] of the associated line bundle Lχ := E ×R(T ) Cχ.
We have a P1-bundle E ×T Cij on B. We have canonical sections si : B −→ E ×T xi ⊆ E × X defined
by si(b) = [b, xi] for 1 ≤ i ≤ m. Moreover, si and sj can be identified with the sections at 0 and ∞ of the
P1-bundle E ×T Cij .
Let Yij denote the subring of
m∏
k=1
R(T ) consisting of (yk) satisfying the condition that (1 − e
−χ) divides
yi − yj corresponding to Cij and yk ∈ R(T ) is arbitrary for k 6= i, j. Again Yij is an R(T )-subalgebra of
m∏
k=1
R(T ) under the diagonal embedding. Further, by definition
(1.18) Y =
⋂
Cij∈C
Yij .
We have
(1.19) KT (E ×X
T
i ) = KT (
m⊔
j=i
E × xj) ≃
m∏
j=i
KT (E × xj).
Since sk maps B isomorphically onto E ×T xk we have KT (E × xk) = K(E ×T xk) ≃ K(B) for 1 ≤ k ≤ m.
Thus s∗k : K(E(X)) −→ K(B) can be identified with the composition of ι
∗ with the projection onto the direct
summand KT (E × xk) ⊆ KT (E ×X
T ). Further, ι∗ can be identified with
(s∗k) : KT (X) →֒
m∏
k=1
K(B).
Let Y ′ := KT (E)
⊗
R(T )
Y and Y ′ij := KT (E)
⊗
R(T )
Yij denote respectively the extension of scalars of the R(T )-
algebras Y and Yij to KT (E) ≃ K(B). We can identify Y
′ with (y′k) ∈
m∏
k=1
K(B) such that 1− [L∨χ ] ∈ K(B)
divides y′i − y
′
j for each Cij ∈ C. Also Y
′
ij can be identified with (y
′
k) ∈
m∏
k=1
K(B) such that 1− [L∨χ] ∈ K(B)
divides y′i − y
′
j corresponding to Cij and y
′
k is arbitrary for k 6= i, j. In particular, Y
′ and Y ′ij are K(B)-
subalgebras of
m∏
k=1
K(B) under the diagonal embedding. Furthermore, we note that
(1.20) Y ′ =
⋂
Cij∈C
Y ′ij .
Theorem 1.8. Let E −→ B be a principal T -bundle. Then the restriction map
ι∗ : KT (E ×X) −→ KT (E ×X
T ) ≃
m∏
i=1
K(B)
K-THEORY OF REGULAR COMPACTIFICATION BUNDLES 11
is injective and the image is isomorphic to the subring Y ′.
Proof: We first prove the injectivity. We claim that for every 1 ≤ i ≤ m the restriction map
ι∗i : KT (E ×Xi) −→
m∏
j=i
KT (E × xj)
is injective (see (1.19)). We prove this by downward induction on i. When i = m this is trivially true since
Xm = {xm}. Consider the following commutative diagram of R(T )-algebras:
(1.21)
0→ K0T (E ×Xi+1)
(idE×α)∗
→ K0T (E ×Xi)
(idE×β)
∗
→ K0T (E × Zi) → 0yι∗i+1
yι∗i
yζ∗i
0→
∏m
j=i+1K
0
T (E × xj) →
∏m
j=iK
0
T (E × xj) → K
0
T (E × xi) → 0
where the top row is the exact sequence analogous to (1.8) for T -cellular fibration and the bottom row is a
split short exact sequence since
m∏
j=i
KT (E × xj) =
m∏
j=i+1
KT (E × xj) ×KT (E × xi). Further, since E × Zi is
an affine T -bundle over E × xi, ζ
∗
i is an isomorphism by the Thom isomorphism theorem. Moreover, ι
∗
i+1 is
injective by induction hypothesis. Since the bottom row is left exact it follows by diagram chase that ι∗i is
injective completing the induction. Further, since ι1 = ι, by Theorem 1.2 above applied twise, it follows that
ι∗ : KT (E)
⊗
R(T )
KT (X) ≃ KT (E ×X) →֒ KT (E ×X
T ) ≃ KT (E)
⊗
R(T )
KT (X
T )
is injective.
By [36, Theorem 1.3], the image of the restriction map KT (X) →֒ KT (X
T ) ≃
m∏
i=1
(R(T ) ≃ KT (xi)) is
identified with the R(T )-subalgebra Y. Thus the image of ι∗ : KT (E)
⊗
R(T )
KT (X) →֒ KT (E)
⊗
R(T )
KT (X
T )
can be identified with Y ′. Hence the theorem. ✷
We have the following geometric interpretation of Theorem 1.8.
Corollary 1.9. We have a canonical embedding of K(B)-algebras
K(E(X))
ι∗
→֒
m∏
i=1
K(B) ≃ K(E ×T xi).
Furthermore, the image of ι∗ is the intersection of the images of
K(E(Cij)) →֒ K(E ×T xi)×K(E ×T xj) →֒ K(E ×T X
T ) ≃
m∏
i=1
K(B).
Proof: Recall that we can identify KT (E ×X) with K(E(X)) = (E ×X)/T and KT (E ×xi) = K(E ×T xi)
canonically with the ring K(B = E/T ) for every 1 ≤ i ≤ m. Furthermore, Theorem 1.8 applied for the
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principal T -bundle E −→ B and the smooth projective T -variety Cij = P
1 implies that KT (E × Cij) =
K(E(Cij)) embeds in K(E ×T xi) ×K(E ×T xj) →֒ KT (E)
⊗
R(T )
KT (X
T ) and its image is isomorphic to the
subring Y ′ij . The proof now follows readily from (1.20) and Theorem 1.8. ✷
1.2.1. Comparison with Topological K-theory. Let Gcomp be a maximal compact subgroup of G such that
Tcomp = Gcomp∩T is a maximal torus in Gcomp. Let Tcomp ⊂ T denote the maximal compact torus of T . Then
any smooth complex algebraic T -variety can be viewed as a topological Tcomp-space. In particular, we have
the algebraic K-group KT (X) and the topological K-group K
top
Tcomp
(X). Now, since any T (respectively G)
equivariant algebraic vector bundle may be regarded as a Tcomp (respectively Gcomp) equivariant topological
vector bundle on X , we have natural homomorphisms KT (X)
can
−→ KtopTcomp(X) (respectively KG(X)
can
−→
KtopGcomp(X)) (see pp. 272 [11]). We shall follow the notations introduced before Corollary 1.4.
Theorem 1.10. (i) If X is a G-cellular variety then the map K(E(X))
can
−→ Ktop(E(X)) is an isomorphism,
whenever K(B)
can
−→ Ktop(B) is an isomorphism.
(ii) Let X be a smooth projective G-variety on which T -acts with finitely many fixed points. If KT (E)
can
−→
KtopTcomp(E) is an isomorphism then so is K(E(X))
can
−→ Ktop(E(X)).
(iii) Let X be a smooth projective G-variety on which T -acts with finitely many fixed points. If B is such
that K(B)
can
−→ Ktop(B) is an isomorphism then so is K(E(X))
can
−→ Ktop(E(X)).
Proof: (i) The proof follows by [11, Proposition 5.5.6], since E ×X is a G-equivariant cellular fibration
over E .
(ii) Since E ×X → E is a T -equivariant cellular fibration and KT (E)
can
−→ KtopTcomp(E) is an isomorphism it
follows that by [11, Proposition 5.5.6] KT (E ×X)
can
−→ KtopTcomp(E ×X) is an isomorphism. By [27, Theorem
4.4], KtopGcomp(E ×X) ≃ (K
top
Tcomp
(E ×X))W . Furthermore, by [36, Theorem 1.8] KG(E ×X) ≃ (KT (E ×X))
W .
Since KT (E ×X)
can
−→ KtopTcomp(E × X) is W -invariant it follows that KG(E ×X)
can
−→ KtopGcomp(E ×X) is an
isomorphism.
(iii) Assume that K(B) = KG(E)
can
−→ Ktop(B) = KtopGcomp(E) is an isomorphism. Now,
KG(E ×G/B) = KG(E)
⊗
R(G)
R(B)
by [28, Proposition 2.10]. Further,
KtopGcomp(E ×Gcomp/Tcomp) ≃ K
top
Gcomp
(E)
⊗
R(Gcomp)
R(Tcomp)
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by [27] and [33], since π1(Gcomp) is torsion free. Further, since R(G) ≃ R(Gcomp) and R(B) = R(T ) ≃
R(Tcomp), it follows that
KT (E) = KG(E ×G/B)
can
−→ KtopTcomp(E) = K
top
Gcomp
(E ×Gcomp/Tcomp)
is an isomorphism. The proof now follows by (ii). ✷
Remark 1.11. Let B be any H-cellular variety where H is a reductive algebraic group with π1(H) torsion
free. Then K(B) = Z
⊗
R(H)
KH(B) by [28, Theorem 4.2] and KH(B)
can
≃ KtopHcomp(B) by [11, Proposition
5.5.6]. If we assume in addition that B is weakly equivariantly formal i.e Ktop(B) = Z
⊗
R(Hcomp)
KtopHcomp(B)
(see [21, Definition 4.1]) then B satisfies the hypothesis of Theorem 1.10 (iii). Let V be a finite dimensional
complex H-representation and M ⊆ P(V ) be a smooth H-invariant subvariety. Then M is a Hamiltonian
space under the action of Hcomp (see [24]). Now, by [21, Theorem 4.5] any Hamitonian Hcomp-space is
weakly equivariantly formal. Thus we can take B to be a smooth projective variety with a linear action
of H . Examples of such varieties are smooth projective toric varieties, flag varieties and smooth projective
H-spherical varieties (see [9]).
Remark 1.12. In [19] Harada, Henriques and Holm consider the topological equivariant cohomology theories
of spaces with equivariant paving by affine cells. They also prove a precise version of localization theorem
for such a space. Thus the relative localization theorem for E ×X also follows from [19, Theorem 3.1] by
comparison with the topological equivariant K-theory. Moreover, if we consider only topological K-theory
we may assume that E −→ B is a G-principal bundle with the base B any paracompact Hausdorff topological
space.
1.3. Some further notations. Let W denote the Weyl group and Φ denote the root system of (G, T ). We
further have the subset Φ+ of positive roots fixing B ⊇ T , and its subset ∆ = {α1, . . . , αr} of simple roots
where r is the semisimple rank of G. For α ∈ ∆ we denote by sα the corresponding simple reflection. For
any subset I ⊂ ∆, let WI denote the subgroup of W generated by all sα for α ∈ I. At the extremes we have
W∅ = {1} and W∆ =W .
Let Λ := X∗(T ). Then R(T ) (the representation ring of the torus T ) is isomorphic to the group algebra
Z[Λ]. Let eλ denote the element of Z[Λ] = R(T ) corresponding to a weight λ ∈ Λ. Then (eλ)λ∈Λ is a basis
of the Z module Z[Λ]. Further, since W acts on X∗(T ), on Z[Λ] we have the following natural action of
W given by : w(eλ) = ew(λ) for each w ∈ W and λ ∈ Λ. Recall that we can identify R(G) with R(T )W
via restriction to T , where R(T )W denotes the subring of R(T ) invariant under the action of W (see [28,
Example 1.19]).
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Recall from [23, Corollary 3.7] that there exists an exact sequence:
(1.22) 1→ Z → G˜ := C˜ ×Gss
pi
−→G→ 1
where Z is a finite central subgroup, C˜ is a torus and Gss is semisimple and simply-connected. The condition
that Gss is simply connected implies that G˜ is factorial (see [28]).
We shall consider the canonical actions of G˜× G˜ on X via the canonical surjections to G×G.
Now, from (1.22) it follows that B˜ := π−1(B) and T˜ := π−1(T ) are respectively a Borel subgroup and a
maximal torus of G˜. Further, by restricting the map π to T˜ we get the following exact sequence:
(1.23) 1→ Z → T˜ → T → 1.
Let W˜ and Φ˜ denote respectively the Weyl group and the root system of (G˜, T˜ ). Then by (1.22), it also
follows that W˜ =W and Φ˜ = Φ. Further we have
(1.24) R(G˜) = R(C˜)
⊗
R(Gss)
and
(1.25) R(T˜ ) ≃ R(C˜)
⊗
R(T ss)
where T ss is the maximal torus T˜ ∩Gss of Gss.
Recall we can identify R(G˜) with R(T˜ )W via restriction to T˜ , and further R(T˜ ) is a free R(G˜) module
of rank |W | (see [34, Theorem 2.2]). Moreover, since Gss is semi-simple and simply connected, R(Gss) ≃
Z[x1, . . . , xr] is a polynomial ring on the fundamental representations ([28, Example 1.20]). Hence R(G˜) =
R(C˜)
⊗
R(Gss) is the tensor product of a polynomial ring and a Laurent polynomial ring, and hence a
regular ring of dimension r + dim(C˜) = rank(G) where r is the rank of Gss.
We shall consider the T˜ and G˜-equivariant K-theory of X where we take the natural actions of T˜ and G˜
on X through the canonical surjections to T and G respectively.
We consider Z as an R(G˜)-module by the augmentation map ǫ : R(G˜) → Z which maps any G˜-
representation V to dim(V ). Moreover, we have the natural restriction homomorphisms K
G˜
(X)→ K
T˜
(X)
and K
G˜
(X) → K(X) where K(X) denotes the ordinary Grothendieck ring of algebraic vector bundles on
X . We then have the following isomorphisms (see [28, Proposition 4.1 and Theorem 4.2]).
(1.26) R(T˜ )
⊗
R(G˜)
K
G˜
(X) ≃ K
T˜
(X),
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(1.27) K
G˜
(X) ≃ K
T˜
(X)W ,
(1.28) Z
⊗
R(G˜)
K
G˜
(X) ≃ K(X).
Let R(T˜ )WI denote the invariant subring of the ring R(T˜ ) under the action of the subgroup WI of W for
every I ⊂ ∆. Thus in particular we have, R(T˜ )W = R(G˜) and R(T˜ ){1} = R(T˜ ). Further, for every I ⊂ ∆,
R(T˜ )WI is a free module over R(G˜) = R(T˜ )W of rank |W/WI | (see [34, Theorem 2.2]). Indeed, [34, Theorem
2.2] which we apply here holds for R(T ss). However, since W acts trivially on the central torus C˜ and hence
trivially on R(C˜) we have
(1.29) R(T˜ )WI = R(C˜)
⊗
R(T ss)WI
for every I ⊆ ∆, and hence we obtain the analogous statement for R(T˜ ).
Let W I denote the set of minimal length coset representatives of the parabolic subgroup WI for every
I ⊂ ∆. Then
W I := {w ∈ W | l(wv) = l(w) + l(v) ∀ v ∈ WI} = {w ∈W | w(Φ
+
I ) ⊂ Φ
+}
where ΦI is the root system associated to WI , where I is the set of simple roots. Recall (see [22, p.19]) that
we also have:
W I = {w ∈W | l(ws) > l(w) for all s ∈ I}.
Note that J ⊆ I implies that W∆\J ⊆W∆\I . Let
(1.30) CI :=W∆\I \ (
⋃
J(I
W∆\J).
Let α1, . . . , αr be an ordering of the set ∆ of simple roots and ω1, . . . , ωr denote respectively the cor-
responding fundamental weights for the root system of (Gss, T ss). Since Gss is simply connected, the
fundamental weights form a basis for X∗(T ss) and hence for every λ ∈ X∗(T ss), eλ ∈ R(T ss) is a Laurent
monomial in the elements eωi : 1 ≤ i ≤ r.
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In [34, Theorem 2.2] Steinberg has defined a basis {f
I
v : v ∈ W
I} of R(T ss)WI as an R(T ss)W -module.
We recall here this definition: For v ∈ W I let
(1.31) pv :=
∏
v−1αi<0
eωi ∈ R(T˜ ).
Then
(1.32) f
I
v :=
∑
x∈WI(v)
∖
WI
x−1v−1pv
where WI(v) denotes the stabilizer of v
−1pv in WI .
We shall also denote by {f
I
v : v ∈W
I} the corresponding basis of R(T˜ )WI as an R(T˜ )W -module where it
is understood that
(1.33) f
I
v := 1
⊗
f
I
v ∈ R(C˜)
⊗
R(T ss)WI .
Notation 1.13. Whenever v ∈ CI we denote f
∆\I
v simply by fv. We can drop the superscript in the notation
without any ambiguity since {CI : I ⊆ ∆} are disjoint. Therefore with the modified notation [36, Lemma
1.10] implies that: {fv : v ∈ W
∆\I =
⊔
J⊆I C
J} form an R(T˜ )W -basis for R(T˜ )W∆\I for every I ⊆ ∆.
Further, let
(1.34) R(T˜ )I :=
⊕
v∈CI
R(T˜ )W · fv.
In R(T ) let
(1.35) fv · fv′ =
∑
J⊆(I∪I′)
∑
w∈CJ
awv,v′ · fw
for certain elements awv,v′ ∈ R(G) = R(T )
W ∀ v ∈ CI , v′ ∈ CI
′
and w ∈ CJ , J ⊆ (I ∪ I ′).
1.4. Equivariant K-theory of regular group compactifications. In this section X denotes a projective
regular compactification of G.
Let T denote the closure of T in X . It is known that for the left action of T (i.e. for the action of T ×{1}),
T is a smooth projective toric variety. (see [7]). Moreover, XT×T is contained in the union Xc of all closed
G×G-orbits in X ; moreover all such orbits are isomorphic to G/B− ×G/B.
Let F be the fan associated to T in X∗(T ) ⊗ R. Since T is complete, F is a subdivision of X∗(T ) ⊗ R.
Moreover, since T is invariant under diag(W ), the fan F is invariant under W , too. Since X is a regular
embedding, by [7, Proposition A2], it follows that F = WF+ where F+ is the subdivision of the positive
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Weyl chamber formed by the cones in F contained in this chamber. Therefore F is a smooth subdivision
of the fan associated to the Weyl chambers, and the Weyl group W acts on F by reflection about the
Weyl chambers. Let T
+
denote the toric variety associated to the fan F+. Since X is a projective regular
compactification of G and T
+
is the inverse image of Ar under the canonical morphism f : X −→ Gad, the
restriction g : T
+
−→ Ar of the projective morphism f is a projective morphism of toric varieties. This
implies in particular that T
+
is a semi-projective T -toric variety. Let F(l) denote the set of maximal cones
of F . Then we know that F+(l) parameterizes the closed G×G-orbits in X . Hence X
T×T is parametrized
by F+(l)×W ×W (see [7, Proposition A1 and A2]).
Recall by [38, Theorem 2] [36, Theorem 2.1], KT×T (X) embeds into KT×T (Xc), the latter being a product
of copies of the ring KT×T (G/B
− ×G/B).
In this section we shall recall the results on K
G˜×G˜(X) from [36]. These results were stated for G×G-
equivariant K-theory of X in [36, Section 2]. However, they hold parallely for G˜× G˜-equivariant K-theory,
where we consider the action of G˜× G˜ on X via its canonical surjection to G ×G (see [37, Section 2]). In
particular when G = Gad and X = Gad we consider the action of G
ss ×Gss, where G˜ = Gss is the simply
connected cover of Gad.
Remark 1.14. We consider K
G˜×G˜(X) instead of KG×G(X) in order to apply the results in Section 1, since
π1(G˜) is torsion free. Moreover, this also enables us to use the Steinberg basis defined in Notation 1.13 and
its structure constants (1.35) in the description of the multiplicative structure of K
G˜×G˜(X).
Let Y denote
(fσ,u,v) ∈
∏
σ∈F+(l)
∏
u,v∈W×W
K
T˜×T (xσ,u,v) = KT˜×T˜ (X
T×T˜ )
satisfying the congruences:
(i) fσ,usα,vsα ≡ fσ,u,v (mod (1− e
−u(α)
⊗
e−v(α))) whenever α ∈ ∆ and the cone σ ∈ F+(l) has a facet
orthogonal to α, and that
(ii) fσ,u,v ≡ fσ′,u,v (mod (1−e
−χ)) whenever χ ∈ X∗(T ) and the cones σ and σ′ ∈ F+(l) have a common
facet orthogonal to χ.
(In (ii), χ is viewed as a character of T × T which is trivial on diag(T ) and hence is a character of T .)
We recall the following result from [36, Corollary 2.3].
Theorem 1.15. The inclusion T →֒ X induces the following isomorphisms:
K
G˜×G˜(X) ≃ KT˜×T˜ (T )
W ≃ (K
T˜
(T )
⊗
R(T˜ ))W
where the W -action on K
T˜×T˜ (T ) is induced from the action of diag(W ) on T .
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We recall the following theorem from [37, Theorem 2.2].
Theorem 1.16.
(i) The ring K
G˜×G˜(X) has the following direct sum decomposition as KT˜ (T
+
)
⊗
R(G˜)-module:
(1.36) K
G˜×G˜(X) ≃
⊕
I⊆∆
K
T˜
(T
+
)
⊗
R(T˜ )I .
The above direct sum is a free K
T˜
(T
+
)
⊗
R(G˜)-module of rank |W | with basis
1
⊗
fv : v ∈ C
I and I ⊆ ∆
where CI is as defined in (1.30) and {fv} is as defined above.
(ii) In
⊕
I⊆∆
K
T˜
(T
+
)
⊗
R(T˜ )I any two basis elements 1
⊗
fv and 1
⊗
fv′ for v ∈ C
I , v′ ∈ CI
′
(I, I ′ ⊆ ∆)
multiply as follows (1
⊗
fv) · (1
⊗
fv′) =
(1.37)
∑
J⊆(I∪I′)
∑
w∈CJ
(
∏
α∈I∩I′
(1 − eα(u)) ·
∏
α∈(I∪I′)\J
(1− eα(u)))
⊗
awv,v′ · (1
⊗
fw).
We can identify the component K
T˜
(T
+
)
⊗
1 ⊆ K
T˜
(T
+
)
⊗
R(T˜ )W in the above direct sum with
the subring of K
G˜×G˜(X) generated by generated by Pic
G˜×G˜(X).
2. K-theory of bundles with fibre regular embeddings of G
In this section we consider E −→ B as principal G˜× G˜-bundle and the associated fibre bundle E ×
G˜×G˜X
with fibre the regular compactification X of G in view of Remark 1.14.
The following proposition is the relative version of [36, Theorem 2.1].
Proposition 2.1. Let X be a projective regular embedding of G and let E −→ B be a principal G˜×G˜-bundle.
The map
(2.38)
∏
σ∈F+(l)
ισ : KT˜×T˜ (E ×X) −→
∏
σ∈F+(l)
K
T˜×T˜ (E ×G/B
− ×G/B)
is injective and its image is K(E/T˜ × T˜ )
⊗
R(T˜ )⊗R(T˜ )
Y.
Proof: This follows immediately from Theorem 1.8 and [36, Theorem 2.1].✷
Let Z consist in all families (fσ)σ∈F+(l) of elements of R(T˜ × 1)
⊗
R(diag(T˜ )) such that
(i) (1, sα)fσ(u, v) ≡ fσ(u, v) (mod (1 − e
−α(u))) whenever α ∈ ∆ and the cone σ ∈ F+(l) has a facet
orthogonal to α, and that
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(ii) fσ ≡ fσ′ (mod (1 − e
−χ)) whenever χ ∈ X∗(T ) and the cones σ and σ′ ∈ F+(l) have a common
facet orthogonal to χ.
In particular, Z is R(G˜)
⊗
R(G˜)-subalgebra of
∏
σ∈F+(l)
R(T˜ ))
⊗
R(T˜ ).
The following is the relative version of [36, Corollary 2.2].
Proposition 2.2. (i) We have a canonical inclusion
(2.39) K(E(X)) →֒
∏
σ∈F+(l)
K(E/B˜− × B˜).
Here K(E/B˜− × B˜) is the K-ring of the bundle E(G/B− ×G/B) over B with fibre G/B− ×G/B.
(ii) The image of K(E(X)) in the above inclusion is identified with K(E ×
B˜×B˜ T
+
) which is the K-ring
of a toric bundle with fibre T
+
over E/B− ×B = E(G/B− ×G/B).
(iii) The ring K(E(X)) is further isomorphic to K(B)
⊗
R(G˜)⊗R(G˜)
Z.
Proof: (i) By taking W ×W -invariants on either side of (2.38) in Proposition 2.1 we get the inclusion
(2.40) [K
T˜×T˜ (E ×X)]
W×W →֒
∏
σ∈F+(l)
[K
T˜×T˜ (E ×G/B
− ×G/B)]W×W .
Now, by applying [36, Theorem 1.8] or [28, Proposition 4.1] on either side of (2.40) we get:
(2.41) K
G˜×G˜(E ×X) →֒
∏
σ∈F+(l)
K
G˜×G˜(E ×G/B
− ×G/B).
This is further equivalent to
(2.42) K(E ×
G˜×G˜ X) →֒
∏
σ∈F+(l)
[K(E ×
G˜×G˜ G˜/B˜
− × G˜/B˜) = K(E/B˜− × B˜)]
and (2.39) follows.
(ii) Recall that we have a split exact sequence
1 −→ diag T˜ −→ T˜ × T˜ −→ T˜ −→ 1
where the second map is given by (t1, t2) 7→ t1 · t
−1
2 and the splitting given by t 7→ (t, 1). Thus we get
canonical isomorphism
(2.43) R(diag T˜ )
⊗
R(T˜ × 1) ≃ R(T˜ × T˜ ).
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Using the change of variables coming from (2.43), [37, Proposition 2.1] implies that the image ofK
G˜×G˜(X) in∏
σ∈F+(l)
[K
G˜×G˜(G/B
−×G/B) = R(T˜ )
⊗
R(T˜ )] can be identified with K
T˜
(T
+
)
⊗
R(T˜ ). Note that Corollary
1.5 implies
(2.44) K
G˜×G˜(E ×X) ≃ KG˜×G˜(E)
⊗
R(G˜)⊗R(G˜)
K
G˜×G˜(X)
and
(2.45) K
G˜×G˜(E ×G/B
− ×G/B) ≃ K
G˜×G˜(E)
⊗
R(G˜)
⊗
R(G˜)
K
G˜×G˜(G˜/B˜
− × G˜/B˜).
Thus under the inclusion (2.41) the image of
K
G˜×G˜(E)
⊗
R(G˜)⊗R(G˜)
K
G˜×G˜(X)
in
K
G˜×G˜(E)
⊗
R(G˜)⊗R(G˜)
∏
σ∈F+(l)
R(T˜ )
⊗
R(T˜ )
can be identified with
(2.46) K
G˜×G˜(E)
⊗
R(G˜)
⊗
R(G˜)
K
T˜
(T
+
)
⊗
R(T˜ ).
By Theorem 1.2, (2.46) can further be identified with
K(E ×
G˜×G˜ (G˜× G˜×B˜−×B˜ T
+
× pt)) = K(E ×
B˜×B˜ T
+
),
where B˜− × B˜ acts on T
+
via the canonical projection to T˜ × 1.
(iii) Since Z ≃ K
G˜×G˜(X) by [36, Proposition 2.5] and K(B) ≃ KG˜×G˜(E), the claim readily follows from
(2.44). ✷
2.1. First description of K(E(X)). Recall that
E/(B˜− × B˜) = E ×
G˜×G˜ (G˜× G˜)/(B˜
− × B˜)
is a bundle with fibre G˜/B˜− × G˜/B˜ over B. Thus K(E((G˜× G˜)/(B˜− × B˜))) gets a R(B˜−)×R(B˜)-module
structure by sending a representation V⊗W of B˜−× B˜ to the associated vector bundle E ×
B˜−×B˜ (V⊗W) on
E/(B˜−× B˜). Since G˜×G˜×
B˜−×B˜ V⊗W is a G˜×G˜-linearized vector bundle on the space G˜/B˜
−×G˜/B˜. This
is also the associated bundle E ×
G˜×G˜ (G˜× G˜×B˜−×B˜ V ⊗W). Let KB˜−×B˜(T ) denote the B˜
−× B˜-equivariant
K-ring of T where we take the natural action of B˜− × B˜ on T via the canonical projection to T × T .
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We now prove the first main theorem of this section.
Theorem 2.3. Let E −→ B be a G˜×G˜- principal bundle. Consider the associated bundle E(X) := E×
G˜×G˜X
with fibre the regular compactification X of G over B. Here again the action on G˜×G˜ on X is via the natural
projection to G×G. The ring K(E(X)) is isomrophic to the ring K(E ×
B˜−×B˜ T )
diag(W ) =
(2.47) [K(E((G˜× G˜)/(B˜− × B˜)))
⊗
R(B˜−)
⊗
R(B˜)
K
B˜−×B˜(T )]
diag(W )
as a K(B)-module.
Proof: By Corollary 1.5 we have
(2.48) K(E(X)) ≃ K(B)
⊗
R(G˜×G˜)
K
G˜×G˜(X).
By Theorem 1.15 (2.48) implies
(2.49) K(E(X)) ≃ K(B)
⊗
R(G˜×G˜)
K
T˜×T˜ (T )
diag(W ).
By [28, Corollary 2.15] this can further be rewritten as
(2.50) K(E(X)) ≃ K(B)
⊗
R(G˜×G˜)
K
B˜−×B˜(T )
diag(W )
and
(2.51) K(E(X)) ≃ K(B)
⊗
R(G˜×G˜)
K
G˜×G˜(G˜× G˜×B˜−×B˜ T )
diag(W ).
Now, by Proposition 1.3 it follows that the right hand side of (2.51) is isomorphic to K(E×
G˜×G˜(G˜×G˜×B˜−×B˜
T ))diag(W ). This reduces to K(E ×
B˜−×B˜ T )
diag(W ). Now, (2.47) follows by applying Corollary 1.4 to the
principal B˜− × B˜-bundle E −→ E/(B˜− × B˜) and the associated T -bundle. ✷
2.2. Second description of K(E(X)). We first set up some notations necessary to state the main theorem.
Consider the ring
(2.52) K := K(E ×
B˜×G˜ T
+
)
where B˜ × G˜-acts on T
+
via the canonical projection B˜ × G˜ −→ T˜ × 1. The ring (2.52) is the K-ring of a
T
+
-bundle over the flag bundle E/B˜ × G˜ = E ×
G˜×G˜ (G˜/B˜ × pt) over B. Since T
+
is a semi-projective toric
variety, by [37, Theorem 4.1] the ring K gets a K(E/B˜ × G˜)-algebra structure.
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(2.53) Let fv := 1
⊗
(1
⊗
fv) ∈ K(B)
⊗
R(G˜)
⊗
R(G˜)
R(G˜)
⊗
R(T˜ ) = K(E/G˜× B˜)
where fv ∈ R(T˜ ) = KG˜(G˜/B˜) is as in Notation 1.13. Note that E/G˜× B˜ = E ×G˜×G˜ (pt × G˜/B˜) is a flag
bundle over B = E/G˜× G˜.
(2.54) Let λI := 1
⊗
(µI
⊗
1) ∈ K(B)
⊗
R(G˜)
⊗
R(G˜)
R(T˜ )
⊗
R(G˜) = K(E/B˜ × G˜)
where µI :=
∏
α∈I
(1− e−α) ∈ R(T˜ ) for I ⊂ ∆.
(2.55) Let cwv,v′ := 1
⊗
(1
⊗
awv,v′) ∈ K(B)
⊗
R(G˜)
⊗
R(G˜)
R(G˜)
⊗
R(G˜) = K(B)
where awv,v′ ∈ R(G˜) is as in (1.35).
Let
(2.56) K′ := K(E ×
B˜×B˜ T
+
).
Here B˜× B˜-acts on T via the canonical projection to T˜ × 1. Then K′ is the K-ring of a T
+
-bundle over the
bundle E/B− × B having fibre G/B− × G/B over B. Again since T
+
is a semi-projective toric variety, by
[37, Theorem 4.1] the ring K′ gets a K(E/B˜ × B˜)-algebra structure.
Further, we note that E/B˜ × B˜ is a flag bundle over E/B˜ × G˜ with fibre the flag variety pt × G˜/B˜.
Moreover, E ×
B˜×B˜ T
+
is the pull back of E ×
B˜×G˜ T
+
to E/B˜ × B˜. Thus the canonical inclusion
(2.57) K(E/B˜ × G˜) →֒ K(E/B˜ × B˜)
is the restriction of K →֒ K′.
Moreover, fv, λI and c
w
u,v lie in K(E/B˜ × B˜) via pull back from K(E/G˜ × B˜), K(E/B˜ × G˜) and K(B)
respectively.
We now prove the second main theorem of this section.
Theorem 2.4.
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(1) We have the following isomorphism as submodules of K′:
(2.58) K(E(X)) ≃
⊕
v∈∆
K · fv.
In particular, the ring K(E(X)) gets a canonical structure of a K-module of rank |W |.
(2) Furthermore, (2.58) is an isomorphism of K-algebras where any two basis elements fv and fv′ mul-
tiply in K′ as follows
(2.59) fv · fv′ :=
∑
J⊆I∪I′
∑
w∈CJ
(λI∩I′ · λ(I∪I′)\J) · c
w
v,v′ · fw.
Proof:
(1) Note that (i) of Theorem 1.16 is an isomorphism of R(G˜)
⊗
R(G˜) algebras. Thus by base changing
to the R(G˜)
⊗
R(G˜)-module K(B) on either side we get the following isomorphism of K(B)-algebras
K(B)
⊗
R(G˜)
⊗
R(G˜)
K
G˜×G˜(X) ≃
⊕
I⊆∆
K(B)
⊗
R(G˜)⊗R(G˜)
K
T˜
(T
+
)
⊗
R(T˜ )I .
By Corollary 1.4 this can be rewritten as
K(E(X)) ≃
⊕
I⊆∆
⊕
v∈CI
K(B)
⊗
R(G˜)
⊗
R(G˜)
K
T˜
(T
+
)
⊗
R(G˜) · fv.
Now, R(G˜)
⊗
R(G˜) acts on K
T˜
(T
+
) and R(G˜) · fv via the first and second projections respectively.
Thus (2.52) and (2.53) together imply (2.58). Note that K · fv is a K-submodule of K
′ for every
v ∈ CI and I ⊆ ∆. Furthermore, the direct sum decomposition (2.58) gives K(E(X)) a structure of
a free K-module of rank |W |. Also by Proposition 2.2 (ii), (2.58) is an equality of K-submodules of
K′.
(2) We observe that
fv · fv′ = [1
⊗
(1
⊗
fv)] · [1
⊗
(1
⊗
fv′)] = 1
⊗
[(1
⊗
fv) · (1
⊗
fv′)].
Now, Theorem 1.16 (ii) implies that fv · fv′ =
1
⊗ ∑
J⊆(I∪I′)
∑
w∈CJ
(µI∩I′ · µI∪I′\J
⊗
awv,v′) · (1
⊗
fw).
This can further be written as
1
⊗ ∑
J⊆(I∪I′)
∑
w∈CJ
(µI∩I′ · µI∪I′\J
⊗
1) · (1
⊗
awv,v′) · (1
⊗
fw).
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The equality (2.59) now follows by applying (2.53), (2.54) and (2.55) succesively.
✷
3. K-theory of toric bundles and flag bundles
In this section we retrieve known results on K-theory of toric bundles and flag bundles by applying
Theorem 1.2.
Let X be a smooth filtrable T -toric variety associated to a fan Σ in the lattice N = Zn. Let Σ(1) =
{ρ1, . . . , ρd} denote the edges and v1, . . . , vd primitive lattice points along the edges. Let M = Hom(N,Z)
be the dual lattice.
Let E −→ B be a principal T -bundle. Let E(X) denote the associated toric bundle E ×T X . Let
ξu := E ×T χu denote the line bundle on B associated to the character χu : T −→ C
∗.
Theorem 3.1. Then K(E(X)) has the following presentation as K(B)-algebra:
K(B)[x1, . . . , xd]/I
where I is the ideal generated by the following two types of relations:
(3.60) xi1 · · ·xik | 〈vi1 , . . . , vik〉 /∈ Σ.
(3.61)
∏
i|〈u,vi〉≥0
(1 − xi)
〈u,vi〉 − ξu
∏
i|〈u,vi〉≤0
(1− xi)
−〈u,vi〉 ∀ u ∈M
Proof: Since X is T -filtrable variety it satisfies the hypothesis of the Theorem 1.2 and Corollary 1.4.
Hence by Corollary 1.4, K(E(X)) = K(B)
⊗
R(T )
KT (X) where the extension of scalars to K(B) is obtained
by sending χu ∈ R(T ) to the associated vector bundle E ×T χu for every u ∈ M = Hom(T,C
∗). Now
the theorem follows readily from the presentation of the ring KT (X) as an R(T )-algebra described in [38,
Theorem 6.4] . ✷
Let G be a semisimple simply connected algebraic group. Let T denote a maximal torus of G and B a
Borel subgroup contaning T . Let X = G/PI be a flag variety where PI ⊇ B is a parabolic subgroup of G
associated to the subset of simple roots I ⊆ ∆. We refer to Section 1.3 for other notations.
Let E −→ B be a principal G-bundle and let E(G/PI) denote the associated flag bundle E ×G G/PI .
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Theorem 3.2. The ring K(E(G/PI)) has the presentation
(3.62)
K(B)
⊗
R(T )WI
I
where I is the ideal generated by the relations
E(χ)
⊗
1− 1
⊗
χ for every χ ∈ R(G) = R(T )W .
Proof: Now G/PI is a projective G-variety with a T -filtrable cellular structure given by the Bruhat
decomposition. Therefore by Corollary 1.5 we have K(E(G/PI)) = K(B)
⊗
R(G)
KG(G/PI). The R(G) algebra
structure on K(B) is obtained by sending χ ∈ R(G) = R(T )W to the class of the associated vector bundle
E(χ) in K(B). Furthermore, since KG(G/PI) = R(PI) = R(T )
WI is a free R(G)-module of rank |W I |, the
theorem follows readily.✷.
Let E −→ B be a principal T -bundle and let E(G/PI) denote the associated flag bundle E ×T G/PI .
Theorem 3.3. The ring K(E(G/PI)) has the presentation
(3.63)
K(B)
⊗
R(T )WI
I
where I is the ideal generated by the relations
E(χ)
⊗
1− 1
⊗
χ for every χ ∈ R(G) = R(T )W .
Proof: Now G/PI is a projective variety with a T -filtrable cellular structure given by the Bruhat de-
composition. Therefore by Corollary 1.5 we have K(E(G/PI)) = K(B)
⊗
R(T )
KT (G/PI). By (1.26) this can
be rewritten as K(E(G/PI)) = K(B)
⊗
R(T )
R(T )
⊗
R(G)
KG(G/PI) ≃ K(B)
⊗
R(G)
KG(G/PI). The theorem now
follows by the arguments in the proof of Theorem 3.2.✷.
Remark 3.4. The description of the equivariant K-ring of a generalized flag variety is well known due to
Kostant and Kumar [25, Section 3]. As above one can construct a generalized flag bundle over B. Then the
analogue of Corollary 1.5 in this setting would imply that its Grothendieck ring is isomorphic toK(B)
⊗
R(T )
ΨI .
Here ΨI for I ⊆ ∆ is as defined in [25, Definition 2.26]. This is the relative version of [25, Theorem 3.28]
when B is a point.
4. Concluding remarks
Remark 4.1. Let E −→ B be a principal G-bundle where E (resp. B) is a smooth G-scheme (resp. a smooth
scheme) over C. Then by [14, Proposition 23], E ×GX is a smooth scheme over C. Using the G-equivariant
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K-theory of schemes (see [28], [35]), results in Section 1 can be seen to hold analogously in this setting. We
can therefore prove the main theorems in Sections 2 and 3 taking B to be a scheme.
Remark 4.2.Although we work over C for simplicity, all results in the paper should hold for smooth schemes
and varieties over any algebraically closed field of arbitrary characteristic (see [28]).
Remark 4.3. We believe that the equivariant Kunneth theorem and relative localization theorem for G-
cellular varieties have parallel analogoues in the setting of other equivariant cohomology theories like equi-
variant Chow ring A∗G(X) and the algebraic equivariant cobordism ring Ω
∗
G(X), by using the defining axioms
(see for example [8, Section 3.4],[26, Theorem 5.4]). We also believe that these results should extend for
higher equivariant algebraic K-ring using [28]. Considering X as a topological space we can alternately
consider the equivariant cohomology ring H∗G(X), the complex equivariant cobordism ringMU
∗
G(X) and the
topological equivariantK-ringK∗G(X). We can hence derive a description of the generalized cohomology ring
h∗(E(X)) as a h∗(B)-algebra, where E −→ B is a G×G-principal bundle and X is a regular compactification
of G. Here h∗ denotes either the cohomology ring, Chow ring, complex and algebraic cobordism ring or the
higher K-ring.
Remark 4.4. The results in Section 1 hold analogously for the operational K-ring of T -cellular rationally
smooth varieties. Thus we can prove relative versions of the results and Anderson and Payne [2] for opera-
tional K-theory of rationally smooth (simplicial) toric varieties, with additional T -cellular structure. We call
such varieties divisive following the terminology divisive weighted projective space due to Harada, Holm, Ray
and Williams in [20], which is an example of such a variety. Also see [31] for recent results on equivariant
K-theory of divisive toric orbifolds which includes projective simplicial toric varieties. Moreover, we can also
extend the results of Section 2 to operational K-ring of fibre bundles with fibre any T -cellular (or divisive)
toroidal embedding (see [10, Section 6.2]) of G. This is parallel work in progress. These give relative versions
of the results of Gonzales [16]. We shall see that the Grothendieck ring of equivariant vector bundles and
the operational K-ring coincide for these class of spaces.
Remark 4.5. Equivariant K-theory of GKM bundles have been studied by Gullemin, Sabatini and Zara in
[18]. It may be of interest to compare their results to those in Section 1 of the present paper.
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